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the creation and annihilation operators of the various basic fields, present in 
the four (3 + 1) - dimensional (4D) free Abelian 2-from gauge theory, with 
the help of continuous symmetry transformations within the framework of 
Becchi-Rouet-Stora-Tyutin (BRST) formalism. We show that all the six con- 
tinuous symmetries of the theory lead to the exactly the same non-vanishing 
(anti-)commutator amongst the creation and annihilation operators of the 
normal mode expansion of the basic fields of the theory. 



PACS: 11.15.-q; 11.30.-j; 03.70.+k 



Keywords: 4D free Abelian 2-form gauge theory; canonical (anti-)commutators; 
creation and annihilation operators; conserved charges 



1 



1. Introduction 

Symmetry principles play a crucial role as far as the theoretical description 
of the fundamental interactions of nature is concerned [1]. Three out of four 
fundamental interactions, present in nature (i.e. electromagnetic, weak and 
strong), are governed by the local continuous symmetries known as gauge 
symmetries. The notion of local gauge invariance generates the interaction 
term for these theories which are endowed with first-class constraints in the 
language of Dirac's prescription for the classification scheme [2]. 

In recent past, the 2-form (B^ = —^{dx^ A dx u )B )ll/ ) Abelian gauge field 

and corresponding gauge theories have been studied thoroughly in dif- 
ferent contexts [3-5]. Its study is important because of its relevance in the 
context of (super)string theories [6,7]. As far as the canonical quantiza- 
tion of such kind of gauge theories are concerned, Becchi-Rouet-Stora-Tyutin 
(BRST) formalism is one of the most intuitive approaches. The BRST quan- 
tization of such 2-form gauge theories has already been carried out in differ- 
ent contexts [8,9]. It has also been shown that the 4D free Abelian 2-form 
gauge theory provides a field theoretic model for Hodge theory where all 
the de Rham cohomological operators of the differential geometry find their 
physical realizations in terms of the symmetry transformations (and their 
corresponding generators) of the theory [10]. The quantization of the above 
Abelian 2-form gauge theory has been a topic of research interest. The most 
familiar quantization scheme is the usual canonical formalism. 

In the context of the canonical method of quantization, three steps are 
followed. In the first step, we use the spin-statistics theorem in order to 
distinguish the nature of the fields (i.e. bosonic/fermionic) of a given the- 
ory. In the second step, we calculate the canonical (graded) Poisson brackets 
between the field variables and their corresponding conjugate momenta and 
promote them upto the level of (anti-)commutators. In the third and final 
step, we express the field variables and corresponding conjugate momenta in 
terms of normal mode expansion of the basic fields, that include the creation 
and annihilation operators. The relevant physical quantities (e.g. conserved 
charges, Hamiltonian, etc.) are expressed in terms of creation and annihila- 
tion operators where the concept of normal ordering is required. 

The main motivation of our present investigation is to derive the canon- 
ical (anti-) commutation relations amongst the creation and annihilation op- 
erators with the help of continuous symmetry transformations (and their 
corresponding generators) in the context of 4D free Abelian 2-form gauge 
theory. Towards this goal, although, we have taken the help of spin-statistic 
theorem and the concept of normal ordering but we have not exploited the 
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concept of (graded) Poisson brackets. Instead, in the place of latter, we have 
taken the help of continuous symmetry transformations (and their corre- 
sponding generators) to obtain the canonical brackets amongst the creation 
and annihilation operators. It is worthwhile to mention that we have already 
calculated the canonical brackets amongst the creation and annihilation op- 
erators with the help of symmetry transformations in the context of 2D free 
and 2D interacting Abelian 1-form gauge theory with Dirac fields [1 1] . 

Our paper is organized as follows. In the Sec. 2, we discuss the sym- 
metries of the 4D free Abelian 2-form gauge theory. Our Sec. 3 contains 
the conserved charges, that have been derived with the help of Noether's 
theorem, and the normal mode expansion of the basic fields in terms of the 
creation and annihilation operators. We have explicitly derived the (anti-) 
commutation relations amongst the creation and annihilation operators with 
the help of symmetry principle in Sec. 4 of our manuscript. In Sec. 5, we 
have calculated, for the sake of completeness, the same (anti-) commutation 
relations with the help of conventional Lagrangian formalism. Finally, we 
have made some concluding remarks in Sec. 6. 

2. Lagrangian formalism: symmetries 

We begin with the Becchi-Rouet-Stora-Tyutin (BRST) invariant Lagrangian 
density of a 4D free Abelian 2-form gauge theorjll] (see, e.g., [12]) 

C = X - (d K B K ^ - dMidvB"" - d^) - dj&>l3 

+ (d^c u -d u c^cn-\(d-c)(d-c), (i) 

where B^ u is antisymmetric (B^ u = —B vt f) tensor gauge field. <pi and 2 
are massless scalar fields, {C^)C^ are the fermionic (anti-)ghost fields (with 
C"l = = 0, C^C P + C U C^ = 0) and (j3)/3 are the bosonic (anti-)ghost fields. 

The above Lagrangian density remains quasi-invariant under the following 
on-shell nilpotent (s? a \ 6 = 0) and absolutely anticommuting (sbS a b+s a bSb = 0) 

1 We choose the flat metric (r}^ u ) with the signatures (+1, — 1, — 1, —1) so that A ■ B = 
■q^uA^B" = A B — AiBi is the dot product between two non-null vectors A^ and B^ 
where the Greek indices n,v,ri, .... = 0,1,2,3 and Latin indices i,j,k,.... = 1,2,3. The 
choice of 4D totally antisymmetric Levi-Civita tensor (e WK ) is such that £0123 = +1 = 
-£ 0123 ,£„ K £'""' K = -4!, s^ VK e^ r i a = -3! 8%, etc. The component e 0ljk = e ijk is the 
3D Levi-Civita tensor. 
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(anti-)BRST symmetry transformations S( a ) 6 [12] 

SabB^ = [d^Cy - d v C^), SabCf, = -d^p, s ab C^ = -(d u B Ufl - d^fa), 
Wi = - (d ■ C), S a b/3 = -- (d ■ C), s ab /3 = 0, s ab (p 2 = 0, (2) 

SbB^ = (d^C u - dvCfj), SbCf, = s b C^ = {d v B ViX - <9 M 0i), 

s b 4>i = \{d-C), s0 = ~{d-C!), s b (3 = 0, s 6 2 = O. (3) 

It can be checked that under the above (anti-)BRST symmetry transforma- 
tions the kinetic term remains invariant. Furthermore, we have following on- 
shell nilpotent (anti-)co-BRST (s^ d = 0) symmetry transformations under 
which the gauge fixing term of the Lagrangian density (1) remains invariant. 
The (anti-)co-BRST symmetry transformations can be given as: 

s a d B^ u = E^Kt d K C^, s ad 0^ = — ^- £fj, UKa d u B K(T — <9 M 2 j , 

Sad C M = dpp, s ad 4> 2 = ^ (d ■ C), s ad p = - - (d ■ C), 

sad W, 0i, d»B, v ) = 0, (4) 

Sd B^ v = e^ UK ^ d K C^, s d C/j, = ^- e^ VKa d v B Ka — 9 M 2 j , 

Sd Cf, = -d^p, s d 2 = - (d ■ 0), s d p = - - (d ■ C), 

s d (p, l5 VB^) = 0, (5) 

these transformations leave the Lagrangian density (1) quasi- invariant. The 
(anti-)BRST and (anti-)co-BRST symmetry transformations obey the two 
key properties (i) the nilpotency of order two (i.e. s^ b = 0, s?x d = 0), and 
(ii) the absolute anticommutativity (i.e. SbS a b + s a bSb = 0, s d s ad + s ad s d = 0). 
The former property (i.e. nilpotency) shows the fermionic nature of (anti-) 
BRST as well as (anti-)co-BRST symmetries and the latter property (i.e. 
absolute anticommutativity) shows that the BRST and anti-BRST symme- 
tries are independent of one another (also true in the case of co-BRST and 
anti-co-BRST symmetry transformations). 

The anticommutator of the above two symmetries (i.e. {s b , s d } = s w = 
— {s a b, s ad }) lead to a another symmetry, named as bosonic symmetry: 

s^B, u = W d\d a B™) + l - e v(av d^&Bn) - \ e^or, d v {&B">), 

s^C, = -^(d ■ C), s^C, = ^(d • C% s u (P, p, l5 2 ) = 0. (6) 
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Under above symmetry transformation the Lagrangian density (1) goes to a 
total spacetime derivative, therefore it is symmetry of the theory. Moreover, 
the ghost sector of the present theory also possess a continuous symmetry 
called the ghost symmetry (s g ) and can be realized as 

s g C li = +i:C li , SgCn — — E Cn, V? = +2£/3, s g P = -2E 0, (7) 

where £ is a continuous global scale parameter. Thus the 4D free Abelian 
2-form gauge theory is endowed with, in totality, six continuous symmetries. 

3. Conserved charges and normal mode expansions 

We have seen (cf. Sec. 2) the 4D free Abelian 2-form gauge theory endowed 
with, in totality, six continuous symmetry transformations. According to 
the Noether's theorem these continuous symmetries lead to the derivation 
of six conserved currents (J* 4 , r = b,ab,d,ad,g,u) corresponding to each 
symmetry transformations. The zeroth component (Jj?) of these conserved 
currents lead to the following conserved charges (i.e. Q r = f d 3 x J°) 

Q b = J d 3 x[(d C l -d l C )(m + ^(d ^(d-C)-^(d t B M -d° ( l )l )(d-C) 
+H*i{d i C j ) - e ijk {^<h)^C k ) + (d°C* - &C°){dPB 0i + &B yi - d^i)] , (8) 



Q ab = J d 3 x[(d°C l -d l C°)(d i P) + ^ {d*P){d-C)- 1 - (diBV-dPfaXd-C) 
- e ijk {d l ^){&C k ) + (9°^ - &C°)(#>B Qi + &Bji - difa)] , (9) 



Q d = 



d 3 x 



s ijk (&C k )(d B^ + d t B h - a^i) + 77 (d ■ C)(d p) 



+ \(- e ijk d B> k + 2 e ijk 3>'fl 0fc ) (d'C - d°C l ) 
+ 1 -e ljk (d i B^)(d-C)- 1 -(d-CW°<p2) 



(a i /3)(9 C i - d l C°) + {d^i&'C 1 - &C°^ 



(10) 
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Q 



ad 



d x 



e ijk (&C k )(d B M + diB li - + \(d- C)(8 (3) 



+ 



l - (- s ijk 8 B^ k + 2 s ijk &B ok ^j (d'C - 8°C l ) 



+ \e ijk (d i B^ k )(8.C)- l -(d-C0fa) 



- (8^)(d°C l - a i C u ) + (8 i (j) 2 )(d [) C l - <9*C U ) I , 



(11) 



d s x 



(d"C l - 8 l C v )C t + (8"C n - d l C u )a --(8- C)C 



(12) 



Qu, = 



d 3 x 



^ 80 ■ C^aPC* - &C°) + i 80 ■ C)(8°C t - d'C ) 



- e ijk &(d B ok + fyB^&fa) + e jlm 80 B 

- l - e ijk doi&B^B 10 ) - l - e ijk 80 B^ k )(8 B Ql + 8 m B ml ) 

- \ e ijk (d B^ k )d°(d B K + 8 t B h ) + l - e ijk (d'B^^B 10 ) 
+ e ijk (8 j B 0k )d (d B 0i + 80') - i e jlm 80B lm ) 

- l - e ijk 8 k (8 l B 10 ) + l - e ijk 8 (d B 0k + 8 t B lk ) 

+ s ijk & (8 B 0k + 8 t B lk ) (8 B° l + 8 m B mi ) + (tyfa) d^A , (13) 



these charges are turn out to be the generators of the corresponding symme- 
try transformations. 

The Euler-Lagrange equations of motion derived from the Lagrangian 
density (1) can be given as 



UB. 



0, 



□0! = Ufa = 0, □/? = □/? = o, 



-8,(8-0), □<?„ = - 8,(8-0), 



(14) 



we choose the gauge condition such that (8 • C) = (8 ■ C) =0. With these 
gauge conditions the last two equations in (14) reduce to the following form: 



DC, = 0, 



DC, = 0. 



(15) 
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The normal mode expansions of the basic fields, that are present in our 
theory, in terms of the creation and annihilation operators can be given as 



(3(x 
<f>i(x 



I 
I 



d 3 



X 





2h 


d 3 X 




v/(2tt)3 • 


2k 


d 3 x 




V/(27T)3 • 


2k 


d 3 x 




V/(27T)3 • 


2k 


d 3 x 




V/(27T)3 • 


2k 


d 3 x 




v/(2tt)3 • 


2k 


d 3 x 




V/(27T)3 ■ 


2k 



(b, u (k) e + * k -* + bl u (k) e-* k x ), 



c^k) e +ik - x + cl(k)e 
c IM (k)e +lk - x + cl(k) e" 
b(k) e +lk - x + b\k) e 
b(k) e +tk - x + b\k) e 
h(k) e +ik - x + fl(k) e~ lk - x 



i k-x 



f 2 (k)e +ik - x + ti(k)e- ik - x ), (16) 



where &^(= k , ki) is the momentum 4- vector and b^, c M , c M , b, b, fi, f 2 are the 
annihilation operators and tf , ct, ct, tf, b\ //, f\ are the creation operators 
of the basic fields B^, C M , C* M , /?, /3, 0i, 02 respectively. 

It is interesting to note that the gauge conditions (i.e. (d-C) = {d-C) = 0) 
imply the following relationships 



Jfc%(fc) = Pcjlfc) = fc%(fc) = Fc^fc) = 0, 



(17) 



along with k 2 = k^k^ = 0. 

4. Canonical brackets from symmetry principle 

The conserved charges, (cf. (8) - (13)), are turn out to be the generator of 
the continuous symmetry transformations as follows [13,14] 



s r $ = ± i [$, Q r ] ± , 



b, ab, d, ad, u, g, 



(18) 



where $ is any generic field of the theory and Q r are the conserved charges. 
The (+)— signs, as the subscripts on the square bracket, correspond to the 
(anti-) commutators for the generic field <E> being (fermionic)bosonic in nature. 
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The explanation for the (+)— signs, in front of the square bracket on the r.h.s. 
(i.e. ± i [<&, Qr]±) is given below: 

(i) negative sign is to be taken into account only for the s r = Sb, s a b, s d , s a d 
(e.g. s b B^ u = -i [B^, Q b ], s d C^ = -i Q d }, etc.), and 

(ii) for s r = s g , the negative sign is to be taken into account only for 
the bosonic fields and the positive sign is to be chosen for the fermionic fields 
(e.g. SgB^ = -i [But,, Q s ],s w C M = +i [C„, Q u ] etc.). 

Let us take an example in order to illustrate our formalism; 



SdB^u = £^nK d v C K = —i [B^.Qd] =>- 
SdBoi = EijkCPC k = — i[Boi,Q d ]i 

= 6 tjk (d°C k -d k C°) = -i[B tv Q d ], 



(19) 



where Qd is co-BRST charge and it turns out to be the generator of the 
continuous symmetry transformations Sd- Let us choose t = for the sake of 
simplicity in all the computations. Firstly, let us calculate the commutation 
relation corresponding to the B^ component. The l.h.s. of the second equa- 
tion of (19) can be expressed in terms of creation and annihilation operators 
as follows 

d " k - ijk k j (c k {k) e- fk - £ - {c k )\k) e +ikS ) 



I 



i 
2 



VW 3 • 2k 
d 3 k 
^/{2ixf ■ 2k 



e ijk y [(c k (k) e~ ik - s - (c k )\k) e +its ) 



+ 



(c k (k) 



-ik-x 



- c 



Mt 



(k)e 



+ik-x 



(20) 



The reason for breaking it into two similar terms will be clear later when 
we compare the exponentials. In the second term of the above equation, 
changing k — > —k and rearranging the terms, we obtain 



d 3 k 



£ijk k 3 



V(2nf ■ 2k Q 
(c k (-k) + (c fc ) f (^)) e +it * 



c k {k) + {c k )\-k) 



—ik-x 



(21) 



Now the r.h.s. of equation (19), we re-express B 0i (x) in terms of creation 
and annihilation operators as follows (at t — 0): 



-i[B 0i (x), Q d ] = -i 
d 3 k 



V(2n) 3 ■ 2k 



—i 



V(2tt) 3 • 2k 



b 0i (k)e- ik - s + bl(k) e +ik ' s ), Q d 
(M£), Qd] + [bl(k), Qd] e +ik ' s ). (22) 
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Comparing the exponentials from the r.h.s. of the equations (21) and (22), 
we obtain following relationship 

[boi(k),Q d ] = -\e l]k v(c k (k) + ((*)\-k)) 

= -j^e ljk ^[c k (p) + (c k y(-p))d^(k-p), (23) 

[4(4 Qd] = \e l]k v(c k {-k) + {^{k)) 

^ e m ^{c\-p) + (c k Y(p)) -jj). (24) 

The relevant part of Qd (that have non-vanishing (anti-)commutation rela- 
tions with B 0i (x)) can be given as (cf. (10)) 

Q d « / <Pye ljk (&C k )(d B 01 ). (25) 

The above equation for Qd can be re-expressed in terms of the normal mode 
expansions of the basic fields (cf. (16)) 

- c k (p) (b ol )\q} e~ 1 - (c k )\p) b ol (q) e+ 1 

+ (c k )\p) (b ol )\q) e +i & + ^y (26) 



Integrating^ the above equation with respect to d 3 y and d 3 q 

Q d « ~\f d 3 p {e mP >){c k {p) b°\-p) + (c fc )t(p) (by (-ft) 

- (c k y(p) b°\p) - c k {p) (b oi y(p)). (27) 

In the first two terms of above equation changing p — > —p and collecting the 
coefficient of b ol (p) and (b 0l y(p), we obtain 

Q d ~ ~ / ^ (%* p 3 ') [(V ) f (p1 + c\-p)) b ol (p) 

+ ((e fc ) t (-^ + e h ®)(6 p, ) t (^)]- ( 28 ) 



2 We have used the following definition of Dirac 5-function 

(fx e^-fr* = (2tt) 3 <5( 3 )(p - £), J d 3 q f(q) <5 (3) (p - q) = f(p). 
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Now substituting this value of Qd in expression (23), we have following ex- 
pression that contain the two existing commutators 



[boi(k), Qd] = \ J d'p(e m p>)[{(c k )\p) + c\-p)) [b 0t (k), b ol (p}] 

( c - fc (p) + (c k Y(-P)) K(k), (b oi y(p)i) . (29) 



+ 



In fact, we have eight commutators out of which four commutators, amongst 
the (anti-)ghost fields with the rest of the bosonic fields, are zero because the 
(anti-)ghost fields are decoupled from the rest of the bosonic fields present in 
the theory. Now comparing the r.h.s. of (23) and (29), we obtain following 
commutators 

[boi(k), b ol (p}} = 0, [b 0i (k), (b oi y(p)] = - 5\ 8®(k - p). (30) 

It is straightforward to check that, if we substitute the value of Qd (cf. (28)) 
in the equation (24), in stead of equation (23), we get the exactly same set 
of canonical commutation relations (cf. (30)). 

Secondly, let us calculate the commutation relations corresponding to the 
Bij component (cf. (19)) 



= e ijt (d°C l - d l C°) = -i [B^, Q d 



(31) 



The l.h.s. of above equation can be expanded in the terms of creation and 
annihilation operators in the following manner 



ewi&C 1 - d l C°) 



d 3 k 



Si 



ijl 



f ■ 2k 
k°(cy(k)-k l (c°y(k) 



k°c l (k)-k l c°(k)y 

+ik-x 



-ik-x 



d 3 k 



2J v/(27r)3 ■ 2k £ 



(k°c i (k) - k°(c i y(-k) 



- k l c°(k) - fc , (c ) t (-jfe))e- i *' 2 - (k°(c l )\k) - k°c l (-k) 



- k\cy(k)-k l c°(-k)y +t ^j. (32) 

In the r.h.s. of equation (31), we re-express B^x) in terms of creation and 
annihilation operators as follows 



-i[Bij(x), Q d ] = -i 
d 3 k 



^(Svr) 3 • 2A; 



bij(k) e-** + 6t.(fc) e +*^), Q d 
([bij(k), Q d ] e- ik ~- s + [bjjik), Q d ] e+**) . (33) 
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Now comparing the exponentials from the equations (32) and (33), we get 
[biM, Q d ] = -\ (k°c l (k) - k°(c l Y(-k) - k l c°(k) - k l (cy(-k)) 
= ~\ J d 3 P eijl S^(k - v) (p° c\p) - P° (c l )H-p) 
- P l c°(p)-p l (cy(-p)), (34) 

[bUk),Q d ] = l £m ( K k\^)\k)-k^{-k)-k\^)\k)-k l ^{-k)) 

= \ J d3 P £ vi S(3) (k - p) (p° (c i y(p) - p° c\-p) 

- P l (cy(p)-P l c°(-P)). (35) 

The relevant part of Qd (that have non- vanishing commutation relations with 
Bij(x)) can be given as (cf. (10)) 

Q d ~ -^Jd 3 ye lmn (d°B mn )(d l C-d C l ), (36) 

re-expressing Qd in terms of normal mode expansions of basic fields (cf. (16)): 

_ 1 f d?yd yd?g o r / o _ z 

^ 2 J (2tt) 3 • v/2j5 • 2q F IV KFJ W 

- q l b mn (p) c°(<f)) e"*^ ^ 

- (q° b mn (p) (c i y(q) - q l b mn (p) (c )^) e^"*)* 

- (q° (& mn ) f (p) c'(g) - q l (b mn )\p) c°(<f)) e+^-fl-* 

+ (q Q (b mn y(p) (c i y(q) - q l {b mn )\p) (c°) f (<?*)) e + ^ + ^] . (37) 

Integrating out d 3 y and c? 3 g from the above equation, we obtain 

Q d « -lf^e^[i?^(p)(*(-d-(W(p)) 

- p° {b mn )\p) (c\p) - {J)\-pj) + p l b mn (p) (c\-p) + (c°)t($) 
+ P< (O f (p)(^(^ + (W-Pl)]- (38) 
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Now substituting this value of Q d in the l.h.s. of expression (34), we have 
following expression having four commutators 

- P °[b tJ (k), (b mn )Kp))(c l (p)-(c i y(-p)) 

+ p l [b tl (k), b mn (p)](c°(-p) + ^)\p)) 

+ p%MAb mn y(P)](c (P) + ^V(-P)))> ( 39 ) 

In fact there exist, in totality, sixteen commutators out of which eight com- 
mutators (that involve the (anti-)ghost fields) are zero because of the fact 
that the (anti-)ghost fields are decoupled from the rest of the bosonic fields 
present in the theory. Hence, the (anti-) commutators of the (anti-)ghosts 
fields with the rest of all the bosonic fields are zero. Now rearranging the 
various terms, we have following expression 

[bij(k), Q d ] = -Ijil e lmn ([b ij {kl b mn (p)}{p° c l (-p)-p° (c i y(p) 
+ p l ?(-p)+p l (c°) f (p)) 

- m4 {b mn ) ] {p)\ (p° c\p) - p° (c i y(-p) - p l c\p) 

- V l ^)\-V)))- (40) 

Comparing the r.h.s. of (34) and (40), we get the following commutation 
relations amongst the creation and annihilation operators 

[b l3 (k), b mn (p)] = 0, [6y(fc), (b mn )\p)} = -(5?5J - 5^5f)5^\k - p). (41) 

It is worthwhile to mention that, instead of substituting the value of Q d (cf. 
(38)) into equation (34), if we substitute its value into equation (35), we get 
exactly same set of canonical commutation relations as in (41). 

Similar exercise can also be done with the other basic fields of the present 
theory. It is straightforward to check that, with the help of symmetry princi- 
ple, we get the same set of (anti-)commutation relations amongst the creation 
and annihilation operators as obtained from the conventional Lagrangian for- 
malism (cf. (49) below). It is worthwhile to mention that all the six contin- 
uous symmetries of the present 4D free Abelian 2-form gauge theory lead to 
the exactly same set of (anti-)commutation relations amongst the creation 
and annihilation operators (cf. (49) below). 
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5. Canonical brackets from Lagrangian formalism 



It is evident to calculate the canonical conjugate momenta form the La- 
grangian (1) and are listed below; 

1%) = 0x + d z B°\ IL m = -h + \ e l3k d t B jk , %) = 

u m = U° {c) = I (d ■ C), U\ c) = - d'C ), 

nfo = (d°C* - d'C ), nj' B) = l - H 0ij - \ e^idM, 

n?o = -\ (9 ■ c), n*, = \ (d B°* + djB* - aVO, (42) 

here we have adopted the left derivative prescription for the fermionic fields. 
Therefore, the canonical (anti-) commutation relations amongst the basic 
fields of the theory and corresponding canonically conjugate momenta can 
be given as (at equal time t) 

i(3(x,t), km = -id^(x-y), [p(x,t), mt)] = -i5^\x-y), 

{C (x,t), C°(y,t)} = 2i5^(x-y), 

{Q(x,t), &(y,t)} =-iS>6< a \x-jft, 

{C (x,t), C°(y,t)} = -2i5^(x-y), 

{C t (x,t), Ci(y,t)} = i5j5W(x-$), 

[B 0l (x,t),B°i(y,t)} =i5j6W(x-$), 

[B^x, t),B k \y, t)} = i - 6*51) * (3) (* - y). (43) 

All the rest of (anti-)commutators are zero. Now our aim is to calculate the 
(anti-)commutation relations amongst the creation and annihilation opera- 
tors of the theory. In order to simplify our computations, we re-express the 
normal mode expansions of the basic fields (cf. (16)) according to [13] 



Bf, u (x,t) = 


j d 3 x(r k (x)b, u (k) + f k ( X ) bi(k)), 


Cp{x,t) = 


J d 3 x^(x) c„(fc) + f k (x) c t(fc)), 


C»{x,t) = 


J <Px(jZ(x)^(k)+f k (x)cl(kj), 


mt) = 


f d 3 x(r k ( X ) b(k) + f k ( X ) b\k)), 
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P(x,t) = j d 3 x(f* k (x)b(k) + f k (x) 
fafrt) = j d 3 x(f* k (x) + f}(kj), 
h(x,t) = J d 3 x(r k (x) f 2 (k) + f k (x) /J(fc)), (44) 



where f k (x) and f k (x) are defined as 



6 /.j. / \ 6 



/ fc (x) = . K{x) = . (45) 

These functions (i.e. /fc(x) and f k (x)) form an orthonormal set. It is self- 
evident from the following conditions 



d 3 xf* k (x) idl f k ,(x) = 6W(k-k'), 



I 

J d 3 x f* k (x) idl f* k ,(x) = 0, J dx f k (x) it£ f k ,{x) = 0. (46) 

^ y 

In the above equation, the following standard definition of operator <9 has 
been taken into account 

A t£ B = A(d B) - (d A)B. (47) 

Using the above relationships, we express the creation and annihilation op- 
erators in terms of the basic fields and the orthonormal functions (i.e. f k (x) 
and f k (x)) as follows: 

b^(k) = J d 3 x B^(x) u% f k (x), bl„(k) = J d 3 x f k (x) u£ B^(x), 

c^k) = J d 3 x C^x) iof f k (x), cl(k) = J d 3 x f k (x) ic£ C^x), 

c^{k) = J d 3 x C^x) icf f k (x), cl(k) = J d 3 x f k (x) io? C^x), 

b(k) = J d 3 x 0(x) i% f k (x), b\k) = J d 3 x f*(x) i1£ /3(x), 

b(k) = J d 3 x^(x)t^ f k (x), V(k) = J 'd 3 xf* k (x)i^ p(x), 

fi(k) = J d 3 x 0i(x) idl f k (x), f\{k) = J d 3 x fl(x) idl 4>i{x), 

/ 2 (*0 = j ' d 3 x<t> 2 {x)id^ f k (x), fl(k) = Jd 3 xr k (x)t^<p 2 (x). (48) 
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Now it is straight forward to check, using above relationships (48), that we 
have following non- vanishing (anti-) commutation relations amongst the cre- 
ation and annihilation operators of the 4D free Abelian 2-form gauge theory 

[b(k),b\k')) = 8^ 3 \k-k'), [b(k),b\k')} = 6®(k-%), 
[h(k)jl(k')\ =-5^(k-k>), (<*)+(#)} =-2 5^(k-k'), 

{cb(fc), (c )^')} = 2 6^(k-k'), {ct(fc), c?(#)} = - Sf S^(k-k'), 
{*(%), = S>8®(k-&), [f2{k)j\{k')\ =5^(k-k'), 

[b 0i (k),(b°^(k')} =-5l5^(k-k>), 

[b.jik), {b mn ) ] {k')\ = - {5™ 5™ - 8? 8?) 5 {3) {k - k'). (49) 

All the rest of the (anti-)commutators amongst the creation and annihilation 
operators are zero. 

6. Conclusion 

We have derived all the (anti-)commutation relations amongst the creation 
and annihilation operators of 4D free Abelian 2-form gauge theory with the 
help of symmetry principle. The key feature of our present investigation is 
that while deriving the (anti-)commutation relations amongst the creation 
and annihilation operators, although we have taken the help of spin-statistics 
theorem and normal ordering but we have not used the concept of (graded) 
Poisson brackets. Instead of latter, we have taken the help of continuous 
symmetry transformations present in the theory. All the six continuous sym- 
metries (and their corresponding generators) present in the theory lead to 
the same set of (anti-) commutation relations amongst the creation and an- 
nihilation operators. This is a unique feature of our present investigation. 
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